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K is a cyclic quartic extension of Q if f  K = Q((rd + p dl/s)l/a), where d > 1, p 
and r are rational integers, d squarefree, for which pa + qa = red for some 
integer q. Following a paper of A. A. Albert we show that the absolute dis- 
criminant, d(K/Q), of the general cyclic quartic extension is given by d(K/Q) = 
( W*d*) for an explicitly computable rational integer W. We next find that the 
relative discrimin ant, d(K/F), is given by d(K/F) = ( Wd’f*), where F = Q (d’l*) 
is K’s uniquely determined quadratic subfield. We use this last result in con- 
junction with Corollary 3, page 359, of Narkiewicz’s “Elementary and Analytic 
Theory of Algebraic Numbers” (PWN-Polish Scientific Publishers, 1974) to 
establish the following Theorem 1: If the (wide) class number of F = Q(d’/“) is 
odd then every cyclic quartic extension K of Q containing F has a relative integral 
basis over F. We give a second, more organic, proof of Theorem 1 which also allows 
us to prove the following converse result, namely Theorem 2: Suppose the quadratic 
field F is contained in some cyclic quartic extension of Q and suppose that F has 
even (wide) class number. There then is a cyclic quartic extension K of Q containing 
F such that K has no relative integral basis over F. 
We start by classifying cyclic quartic extensions of Q. This process takes 
several steps. 
LEMMA 1. If K/Q is cyclic of degree 4 then the (unique) quadratic subfield 
F of K, Q $ F z K, must be a real quadratic subfield. 
Proof. The nonidentity element of G(K/F) has order 2 and is an element of 
G(K/Q). If F were complex then complex conjugation would provide a second 
element of order 2 in G(K/Q). 
Now let d > 1 be a squarefree rational integer and let F = Q(d1/2). 
Suppose a, b E 2 and a + bd1j2 $ F2 so that K = Q((a + bd1/2)1/2) = 
F((a + bd1/“)1/2) is a quartic extension of Q. Then we have: 
LEMMA 2. With the assumptions and notation as above, K is a normal 
extension of Q (written K D Q) $a2 - b2d E F2. 
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ProoJ: Since the conjugates (over Q) of (a + b&/2)1/2 are -~-(a + b&31/2, 
&(a - bd1/2)1/2 we see that K-D Q iff (a - Z&/2)1/2 E K. If (a - bdl/2)ll2 E K 
then (a - b&2)1/2 = 01 + /?(a + bd1/2)1/2 for suitable 01, BE F. Then a-bd1i2= 
0~~ + /?(a $ bd1/3 + 2@(a + bd1j2)li2 E F implies c&a + bd1/2)1/2 E F and 
hence c@ = 0 is forced. If /3 = 0 then ora = a - bd1/2 and SO ($2 = a + bd1/2, 
which is impossible. Hence a = 0 is forced and so (a - bd112)1/2 =
/I((a + bd1/2)1/2. Then (a - bdl/s)/(a + bd1i2) = p2 = (a2 - b2d)/(a + bd1/2)2 
which shows that a2 - b2d E F2. Conversely, if a2 - b2d = ~112 for some 01 E F 
then (a - bd1/3112 = a/(a + bd1i2)1/2 E K. 
PROPOSITION 1. Assume that F = Q(d1i2) where d > 1 is a squarefree 
rational integer. Assume further that K = Q((a + bd1/2)1/2), where a, b E Z, 
a + bd1j2 $ F2 but a2 - b2d E F2 (equivalently-see Lemma 2-K D Q). Then 
either (i) a2 - b2d = y2 with y E 2, in which case G(K/Q) z Zj2Z x Z/22 
or (ii) a2 - b2d = y2d with y E Z, in which case G(K/Q) g Z/42. 
ProoJ The assumption that a2 - b2d = e2 for suitable 01 E F, together 
with the fact that o12 E Z forces either 01 = y for suitable y E Z or LY = ydlle 
for suitable y E Z. Since K D Q and K is generated by (a + bd1/31j2, the 
elements of G(K/Q) are determined by where they send (a + bd1/2)1/2, which 
may be to any of its four conjugates. We may fix notation so that 
(a - bd1/2)1/2 = a/(a + bd1j2)l12. We consider the automorphism u of K 
which sends (a + bd1j2)lj2 onto (a - bd1/2)1/2 = a/(a + b&/2)1/2. This map 
sends 6112 onto -d112 and so is distinct from the element 7 E G(K/Q) given by 
~((a + bd1/2)1/2) = -(a + bd1j2)li2. Hence G(K/Q) is cyclic of order 4 or 
else is isomorphic to (Z/2Z)2 according as u has order 4 or 2. 
02((a + bd1/2)1/2) = r~(a/(a + bd1/3’i2) = (C/a)(a + bd1j2)li2, where E is the 
conjugate of cy in F. Thus u has order 4 or 2 according as c/a = - 1 or 1. 
Since (y. = yd*J2 or y, with y E Z, we see that G(K/Q) CE Z/42 if a2 - b2d = 
y2d and G(K/Q) E (Z/2Z)2 if a2 - b2d = y2. 
If a2 - b2d = y2d then d/a (recall that d is squarefree) so, upon writing 
a = da, we can obtain b2 + y2 = a12d and so every prime p dividing d must 
be congruent to 1 modulo 4. 
The final step in our characterization of cyclic quartic extensions of Q is 
the following: 
PROPOSITION 2. Suppose d > 1 is a squarefree rational integer having 
canonical decomposition d = p1 p2 **a pg , where pi + 3(4), Vi 3 1 < i < q. 
Let p, q, r E Z be any tr@Ie satisfying ( p/r)2 + (q/r)” = d [the existence of 
at least one such triple is guaranteed by the assumptions on d]. Then K = 
Q((rd + pd1/z)lj2) is a cyclic quartic extension of Q. Furthermore, all cyclic 
quartic extensions of Q arise in this way. 
ProoJ: The last statement has already been proved. To prove the first 
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statement, it suffices to show that rd + pd1J2 $ F2 but that r2d2 - p2d E F2. 
For this, observe that r2d2 - p2d = q2d = (qd1/2)2 E F2 and that, if 
rd + pdlJz E F2, then N,,,(rd + pd112) = r2d2 - p2d = q2d E Z2 would be 
forced, whereas d $2. 
We next obtain a formula for the absolute discriminant of the general 
cyclic quartic extension of Q, following the paper of Albert [ 11. In an attempt 
to minimize confusion, our notation will be that of Albert except where 
otherwise indicated. Thus the general cyclic quartic extension of the field 
of rational numbers (for which we write Q in place of Albert’s R) can be 
written as K = Q(Z) where Z2 = ~1~1(~1~ - 7~) and z.3 = p. The Galois 
group of the extension K/Q is generated by the map 6’ defined by &J’/~) = 
-P 1/2 and O(Z) = ((d, + #2)/d2)Z. l’n each of 16 cases, Albert finds an 
integral basis for K/Q. In every case the integral basis can be expressed in the 
form { 1, P, A = X + E,d + E2e, B = p + E,d + E,e) where P = ~~1% or 
(1 + p19/2 according as p + l(4) or p = l(4), C! = ((1 + $l~-1p1/2)/43)Z 
and e = (p1/2/~5~3)Z. 
The symbols A, B, X, p, El, E, , Es, E4 are our notation. The symbols h 
and P represent elements of K’s quadratic subfield Q(p112) while El , E2 , E3 
and E., take on rational values in all cases 
1P A B 
1 W’) K4 W) 
1 e”(P) @A) 02(B) 
I eyp) es(A) eyB) 
11 A B 
= p 112 1 -1 8(A) B(B) 
1 1 82(A) 82(B) 
1 -1 e3(A) OS(B) 
I 1 A 
= pw :, ;* &A) 
B I e(B) 
e2(A) - A P(B) - B 
0 0 e3(A) - e(A) e3(B) - e(B) 
= -2 112 I e2(A) - A P 8yB) - B 03(A) - ec.4) eym - e(B) I 
if P = p112 whereas 
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IP A B ll+p A B 
1 e(P) ‘J(A) W> 1 1 1 - 
&I’) @A) &(B) = 
p B(A) 8(B) 
1 2 1 1 + p @(A) @a(B) 
1 63(P) eyA) es(B) 1 1 - p @(A) 88(B) 
1 A B 
1 1 
= 
J/J 44 WI 
2 1 p 02(A) e2(B) 
1 -p 03(A) 03(B) 
.“-pV I Lag - A = @(B) - B e”(A) - &A) 03(B) - t?(B) I 
if P = (1 + p112)/2. In either case, 
f12(A) - A e2(B) - B 
&(A) - B(A) e3(B) - e(B) I 
= 
I 
2E,d - 2E,e -2E,d - 2E,e 
-2E,fl(d) - 2E&l(e) -2E,0(d) - 2E,B(e) 
= 4(E,E, - E2E3)(d@) - etl(d)) 
and so the absolute discriminant d(K) is given by 
d(K) = (26 or 24) p(ElE4 - E&s)2(d0(e) - e&f))2 
according as p + l(4) or p 3 l(4). Finally, since de(e) - e@d) = 2qlvIp/y5v3 
we obtain d(K) = w2p3 for an explicitly computable rational integer W. 
Finally we want to use our formula for the absolute discriminant of the 
general cyclic quartic extension K of Q to obtain a formula for the relative 
discriminant d(K/F) where F continues to have its previous meaning. 
Knowledge of the nature of this relative discriminant will then allow us to 
deduce a result about relative integral bases. 
The standard formula d(K/Q) = N,,,(d(K/F)) * (d(F/Q))” taken in con- 
junction with the facts that d(F) = p or 4p according as p E l(4) or p f l(4) 
and d(K) = wap3 allows us to conclude that N,,,(d(K/F)) = (v”p) where 
t, = w  or w/4 according as p = l(4) or p $ l(4). Since the map 
I 
f: W/Q)- W/Q) 
~++~IF I 
is surjective, there exists an element CJ E G(K/Q) such that (a IF) = G(E;lQ). 
Furthermore, o(d(K/F)) = CJ I,(d(K/F)) = d(uK/uF) = d(K/F) so that 
N,,,(d(K/F)) = d(K/F) c I,(d(K/F)) = d(K/F)” = (u2p) so that the relative 
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discriminant d(K/F) is given by the formula d(K/E’) = (z@‘~) and is, in 
particular, a principal &-ideal, where ZF denotes the algebraic integers of F. 
In the case where the class number of F is odd and F is contained in a 
cyclic quartic extension field K (namely, when F = Q(p’/“) with p + 3(4) 
a prime) it follows from Corollary 3, p. 359, of Narkiewicz [2] that K/F 
necessarily has a relative integral basis. We record this as a theorem. 
THEOREM 1. Suppose the quadratic 3eld F has odd class number. Then 
every cyclic quartic extension of Q which contains F (assuming there are any) 
has a relative integral basis over F. 
In order to prove a converse to Theorem 1, we need to make some 
preparation. 
Suppose F = Q(d”/“) with d squarefree and (y. E ZF = the algebraic integers 
of F, 016 F2. Let K = F(c#). If the prime factorization of the ideal (a) in ZF 
is (a) = ITpecP), put M = ITPP), where f(P) = -[e(P)/2], with [ ] the 
greatest integer function. Using that ZK = {a E K / TKIr(a) and NKIF(u) 
belong to Z,} one can see that A4 = {p E F / pall2 E 2,) = {p E F 1 P?X E Zr]. 
We have that 
and, in fact, Z, = {h/2 + (p/2)01 / A E ZF , p E M, and X2 - p201 E 42,). 
We consider the projection +Z, + ~McY?/~ -+ &M defined by h/2 + (p/2)a t-+ 
p/2, and let VT: Z, -+ $M denote its restriction to Z, . Since 7~ is a Zrmodule 
homomorphism, .rr(ZX) is a fractional ideal in F, and since ~‘(MoL~/~) = M, 
we have MC n(Z,) C $M. 
LEMMA 3. With the notation above, Z, is a free Zr-module (i.e., K has a 
relative integral basis over F) tF r(Z,) is a principal ideal. 
Proof We note that the kernel of n is ZF . If VT(Z,) is principal, then by a 
well-known fact concerning free modules (that they are projective) we have 
that Z, g ZF 0 rr(ZK), which shows that Z, is free. 
For the converse, suppose that Z, is free over ZF (necessarily of rank 2). 
Let (a I , u2) be a ZF basis for Z, and write 1 = rIo, + r2a2 with r, , r2 E Zr . 
Then the ideal (rl, rz) in ZF is equal to Z, . Indeed, if we assume on the 
contrary that some prime ideal P divides (rr , r.J, then we obtain 1 = rlul + 
r2u2 E PZ, , which is absurd. So there are s1 , s2 E ZF with r1s2 - r,s, = I. 
It follows that { 1 = rlul + r2u2, s,a, + s2u2j is also a basis for Z, . Then 
since r(l) = 0, we see that r(Z,> is principal, generated by rr(slcl -+ s2u2). 
LEMMA 4. Suppose F = Q(dl/“), d squarefree, is contained in some cyclic 
quartic extension of Q (equivalently, d is a sum of two squares in Z) and suppose 
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F has even class number. Then Z, has a nonprincipal ideal I with norm y 
satisfying ( y, 2d) = 1 such that I2 is principal, generated by fi E ZF with 
NF,o@~ = -y2. 
Proof: If the fundamental unit 5 of F has norm - 1, this is trivial. Just 
choose an ideal class of order 2 and within it choose an ideal I whose norm y 
has ( y, 2d) = 1, for example any prime ideal not dividing 2d will do. Then I2 
is principal, say I2 = 0, and NFlo(j3’) = fy2. Letting /3 = /3’ or /3 = &?‘, 
we can arrange that NF,&3) = -y2 and I2 = (/3). 
Hence we assume that 5 has norm + 1. By assumption there are integers 
a, b, y with a2 + y2 = b2d, i.e., a2 - b2d = -y2, and we may choose them 
so that (a, b, y) = 1 and y is odd, which implies ( y, 2d) = 1. Then fl are 
the only rational integers which divide /3 = a + bd1i2 in ZF . This means 
that @) is a product of prime ideals P all of which lie over split rational 
primes, ( p) = PP with P # B, and if P 1 (j3) then P ? (/?). Since the norm of 
@) is y2, @) is the square of an ideal, say @) = F, and it will suffice to show 
that I is not principal. If, on the contrary, we have I = (y), then /3 = uy2 
with u a unit in ZF and taking norms gives NFIo(u) = - 1. This contradiction 
proves the lemma. 
We now have the following converse to Theorem 1. 
THEOREM 2. Suppose the quadratic jield F is contained in some cyclic 
quartic extension of Q and suppose F has even class number. Then there is a 
cyclic quartic extension K of Q containing F such that K has no relative integral 
basis over F. 
Proof. We consider three cases, according to the factorization of (2) in F. 
Case 1. Suppose (2) is prime in Z, , i.e., d = 5(8). Let I and /3 be 
as in Lemma 4. Put 01 = /3d11z and K = F(ar1J2). Then K is cyclic over Q 
because NFIO(~) = y2d. Since ( y, d) = 1, we have (in the notation preceeding 
Lemma 3) A4 = I-i, which is not principal. Since P(Z& = M or Q&i, ?r(ZK) 
is not principal and we are done by Lemma 3. 
Case 2. Suppose (2) = P,P, in ZF with P, # P, , i.e., d = l(8). 
Let I and /J be as in Lemma 4, and this time put 01 = 2/3d1i2 and K = F(&z). 
Then NFIo(o() = 4y2d, so K is cyclic over Q and again, since ( y, 2d) = 1, 
we have M = I-l, which is not principal. We will show that r(Z,> = M. 
Let v (resp. 5) denote the valuation in F corresponding to Pz (resp. P2). 
Observe that 01 E P, n P, = 22,) but a $ Pz2 and OL $ P22. Suppose 
h/2 + &L/2)& E Z, (A E ZF , p EM), so that A2 - ~1% E 4ZF . Since v(M) = 
i!(M) = 0, we have that $LY E 22, . This gives A2 E 2ZF, h E 22,) Aa E 4Z,, , 
p2~ E 42, = P22 n P22. Since v(a) = C(a) = 1, we must have ~1 E P,M n 
P,M = 2M. We have shown that A E 22, and p E 2M. It follows that 
r(ZK) = M and we are done. 
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Case 3. Suppose (2) = Ps2 in ZF , i.e., d = 2(4). (We cannot have 
d = 3(4) since d is a sum of two squares). Let Z and /3 be as in Lemma 4 
and put 01 = j&PI2 and K = F(IxY~). Then K is cyclic over Q and M = f-l, 
as before, and M is not principal. We show that n(Z,) = M. 
We let the valuation u correspond to P, and observe that v(a) = I. Suppose 
that h/2 $ (~/2)(y. E Z,(A E ZF , p E M) so X2 - p201 E 42, . Since v(M) = 0, 
we have that p201 E P, . This gives X2 E P, , X E P, , X2 E Pz2 = 2ZF, and 
p201 E 2ZF . It follows that p E P,M which gives P~LY E Pa3, A2 E P2”, h E P22, 
X2~Pt = 4Z,, and p20r~4ZF. This implies that p E P,2M = 2M. As 
before this shows that 7r(ZK) = M, and the theorem is proved. 
We remark in closing that Theorem 1 can be proved along lines similar 
to the above, using Lemma 3. If F = Q(6/3 has odd class number and d 
is a sum of two squares, then d = 2 or d is a prime =1(4). Then if 
NFIO(~) = y2d, one can show (using that the class number is odd) that 
01 = [mdllz/32 with p E F, m a squarefree integer (possibly 1) with d 7 m, and 
[ the fundamental unit of F, and also that NFIo(& = -1. After replacing 
01 with cu/p2, one has M = ZF . With K = F(c&~) = F@md112), this already 
implies that n(ZK) is principal if d = 2 or d = 5(8), since then every ideal 
between ZF and &Z, is principal. When d = l(8), one can argue that 
4 = A + Bd1/2 with B odd and 4 / A, and then that .rr(ZK) = ZF except 
when mB = l(4), in which case rr(ZK) = -&Z, . Thus .rr(ZK) is principal in 
any case. 
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